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DEPARTMENT: MATHEMATICS
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COURSE TITLE: REAL ANALYSISIT

INSTRUCTION: ANSWER ANY FOUR QUESTION TIME: 3 HOURS

1. (a) Give the & —96 definition of a continuous function. (3marks)
(b) Show that f(x) = l 1s uniformly continuous on (0, 1). (7 marks)

X

() Show thatif f(X)=x* then fis continuous at X =3 (7.5marks)

2. (@) Show that if f'(a) exists, then fis continuous at a. (6 marks)
(b) Given f(X)=6-—x*, find the derivative of f '(—3) from first principle. (bmarks)

1 .
= ifx=0 =1
(c) Given g(x) =42 HX=20rx .

1-xif O<x<1
Determine the maximum or minimum point of g(x) if they exist. If no, give a condition that will
guarantee the maximum and minimum points of g(x). (6.5 marks)

3. (@) Find the value of ¢ where 1< ¢ < 3, that satisfy the equation f(X)=+/x-1, xe[1, 3]
(bmarks)
(b) Show that the function f(X)=x"+3x+1, X €[-2,-1] satisfy the intermediate value theorem.

(5 marks)
(c) Let f be monotonic on (a, b) and define

a=inf_,, f(x)and

ﬂ = Supa<x<b f (X)
If f is nondecreasing, then show that f(@")=a andf(b™) =4 (7.5marks)
4.(a) What do we mean when f is said to be Riemann integrable on [a, b]? (6marks)

4
(b) Consider the integral I(X +1)dx .
2



Let the partition P, = 2+2—k, k=0,1,2,---
n

4
(i)compute U(f,P,) (ii) L(f,P,) . Using (i) and (ii), show that I(X+l)dx =8 (9.5marks)
2

5.(a) Suppose that f, g are differentiable on [a, b] with f’, g’ integrable on [a, b] then prove that
b b
, b
j t')ge)dx fg]. —j f (x)g'(x)dx (8marks)
a a

(b) If f:R— R iscontinuous, find F’(x) for each of the following functions;

1
(i) F(x) = j f (t)dt (4.5marks)
(i) F(x):jf(t)dt (Smarks)

6. (a) Prove that if f is integrable on [a, b] then

if(x)dx: 'JLQ(JLTT f (x)dx

(b) Evaluate the following integrals

7
J.ﬂdx . (11marks)
o (sin x)%

3
1

0 0
(i)jlzxdx (i) [ e dx (i)
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MARKING GUIDE

QUESTION 1

(a) Let X be a non empty set and f a function defined on X. Then f1s said to be continuous at
point X, € X if given ¢ >0 , there exists 0 >0 such that

X=X, |<o=| f(X)—f(x)I<e . (bmarks)

(b) To show that f(X)= % 1s continuous, we need to find the value of 6 depending on &

such that for any £ >0 we find 6 >0, VX, X, € X we have

X=X, |<o=| f(X)—f(x)l<e - (Imark)
Let x= %, Xo —1+—g f(x)=0 andf(x)_% then, (Imark)
1 1+e, 1-1-¢| |—¢| ¢
| X=X, |5 =— |—‘ |=—:—<5
5 5 s | |o] s
£<8? (2marks )
S>+e



o0+0e—-0
1+¢ |

100~ 10| =|o-; 2| {2410

1+g|_ 1+¢ |_

l+¢ (2marks)

o<l+e
Thus f is continuous. (Imark)

(©) Given f(X)=x*,we need to show that [ is continuous at point x=3. To do this, we show
that for any £ >0 ,we find 6 >0 suchthat |X-3<o=| f(X)—fQQ)|<e .
(Imark)

|[£(x)— f(3)]=[x* =8| =[(x+3)(x—-3)| < 5]x+3| (1mark)
x| =|x+3-3=|x-3[+3<5+3. (Imark)
Let & <1 then we have

|X|£1+3:4 (Imark))
S| fF )= fF@B)<Sx+3|=5/4+3

10<¢ (2marks)
5<§§

Let & =min{l, %} (1.5marks)

Thus { is continuous.
Question Two

() Let f'(a) exists, then we need to show that fis continuous at a. Using the definition of

f'(a):limM (Imark)
X—a X—a

We have

f(x)= (X—a)x%;(a)—k f(a) (Imark)

Taking the limit of both sides as X —a gives
lim f(x) = Iim{(x—a)xw+ f(a)}
X—a X—a X — a

= Iim[(x—a)x%;(a)}ﬂim f(a)

x—a x—>a (3marks)
_ox T 0=T@) ¢
X—a
=f(a)

Thus f1s continuous at point a. (Imark)
(b) Given f(x)=6-x* we need to find the derivative of f (-3) .



Since f'(a)= |imL;(a) then we have (Imark)
X i

X—a

f(—3) = lim (6_X2)_(6_(_3)2)

x——-3 X — (_3)
2
i (66~ (6-9)
x—>-3 X+3
2
=1lim M (4marks)
>3 X+3
— 2 J—
_lim 9-Xx _lim (3+x)(3—x)
>3 X4+3 3  X+3
= Iim33— x=3-(-3)=6
(¢) Given g(x)= % x=0orx=1
1-X O<x<1
Supg(x) =1
O<x<1
2 k.
Inf g(x)=0 (@marks)
0<x<1
The function has no maximum or minimum points. (Imark)
For the function to have these values we need to alter the condition on
g(x)=1-x, O<x<lto g(x)=1-x, 0<x<1l. (2marks)

In this case, g(x) has its maximum point to be 1 and minimum point to be 0.(1.5mks)
Question Three
(@) Given f(x)=+/x-1, [1,3], we need to find the value of ¢ that satisfy the equation.

F(X) = (x-1)2

f(X) zl(X—ZI.)_}/2 xlzé (2marks)

2 2(x~1)"2
- 1

f(c)=———
2(c-1)"2

But

f(c)= fb)-1@) (Imark)

b-a
This gives



. (3-1)'2 - (1-1)"2

f(c 31
2c-12 2
1 %
pY:
(c-1)"

1=2"2(c-1)"
Take square of both sides.

1=2(c-1)
1=2c-2
3=2¢C
-3
=%

Thus the equation 1s satisfied.

(2marks)

(b) Given f(X)=x"+3x+1 [-2,-1] we need to show that it satisfy the intermediate value

(0

theorem.
f(x)=x"+3x+1
f'(x)=4x>+3
f'(c)=4c*+3
f'(b) = 4b° +3
f'(a)=4a’+3

f'(=2) =4(-2)° +3=4x-8+3=-32+3=-29
f'(-1)=4(-1)° +3=—-4+3=-1
f(b)-f(a) _(1-3+1)-(16-6+1)

f'(c)=

© b-a -1-(-2)
:—3—112_14

-1+2

Since —14 €[-29,-1]
The IVP Theorem 1s satisfied.
If f is monotonic on (a, b) and define by

a=inf f(x)

a<x<b

and
B=3Sup f(x)

a<x<b

(Imark)

(2marks)

(Imark)

(Imark)

Suppose f is nondecreasing then we need to show that f(@")=a andf (b)) =4 .



Proof: We show that f(a")=a . If M > ¢, there is X, in (a, b) such that f(x,) <M
Since f'is nondecreasing, f(x)<M if a<x<X, . Thus,if ¢=—00 then f(a")=o0.

If a>-—0,let M =a+¢& where € >0 . Then
a<f(X)<a+e ,s0

|f(X)—a|<8 ifa<x<x, . (2marks)
If o =—00 , this implies that f(—0)=a.If a>-0 let 6 =X,—a . Then the above
mequality 1s equivalent to
[f(x)-a|<eifa<x<a+d.
Thus f(a")=«. (2marks)
Next, we show that f(b™)=/4
If M < g, thereis X, in (a, b) such that f(X;) >M .Since fis nonincreasing,
f(X)>Mif x, <x<b. . Thus,if f=0 then f(b")=c0..If f<oo ,let M=p-¢
where € >0 . Then
L—e<T(X)<pB ,s0
|f(X)—,B|<8 ifx, <x<b. (2marks)
If b=co , this implies that f(c0)=g.1If b<oo let §=b—X, . Then the above
mequality 1s equivalent to
[f(x)-p|l<eifb-s<x<b.
Thus f(b7)=4. (1.5marks)
Question Four
(@) Fis Riemann integrable on [a, b] if the infimum of upper sums through all partitions
of [a, b] 1s equal to the supremum of all lower sums through all partitions of [a, b].

(6bmarks)
U(f | Pn) = z f (Xk)(xk - Xk—l)
k=1

f(x.) =X, +1:2+&+1
n

X, :2+% (2marks)
b) () X, g 2K
n
2
X =X :H
U(f,P)= 2(2 1)—: Zl iz :gxn+izn(n+1)
ne n n
=6+M (2marks)
n

10



L(f.P)= i (% (% ~ X )

11)_2(2 2(k D ,y.2-8 21——Zn:1 izz

Ny o
=§xn_i2 n+i2M=6_ﬂ+M
n n n 2 n n

ir;fU(f,P)slin;{U(f,Pn)}slirg(6+M) -8

sup{U(f,P)}ZLiL[}O{L(f )}_Ilm(6——

Thus sup{U(f,P)}= ir;f{U(f P)}=8

Question Five
(a) Proof: By the product rule

(f(9(x))"= F'()g(x)+ f(x)g'(x)

2(n +1)) 8

(2marks)

(2marks)

(1.5marks)

(2marks)

For x e[a,b]. Since f, g are continuous on [a, b] and ', g’ are integrable on [a, b] it
follows that (fg)’ is a sum of integrable functions and hence integrable on [a, b]. Thus

by the fundamental theorem of Calculus

J(Fe0g00) dx= [ £ ()g(x)dx+ [ £ ()9 (x)x
[ £()g(X)] =] 009090+ | £ (5000
Jteax=[ fg] -] f x99 e

1
F(x) =] f(t)at
() () <

d(1) dx?

FOg=T10- T )dx_ —2xf (x*)

F(X)= j f (t)dt

3 2
(i) F'(x)= f(x3)di— f(xz)di
d dx

=3x*f (x*) — 2xf (x%)

(2marks)

(2marks)

(2marks)

(4.5marks)

(3marks)

(2marks)

11



Question Six

()

(b)

F(x) =I f(t)dt is continuous on [a, b]. Thus

f f(x)dx = F(b) - F (a)

i Iirq(Jin;(F(d)— F(c))) (3marks)
= Iirq(dlin;j' f (x)dx) (3.5marks)

1+x 81
[ratm] s+ o

() b
:kljim|:—212—1:| - |im{—2—iz—ﬂ—[—%—1}=g (3marks)
—>0 )( )( b—o

1
0

(i Ixze dx = lim [ x?%e ™ dx (1mark)

a—>oo

Letu=x° du =3x2dx

Ifx—0:>u—0 if x=a=u=a’ (1mark)
0 ,-u
x2e dx = I|m xe vy QU i [ £ (1mark)
aaw 3X2 aAwa3 3
u 0
___EB__ _ _as
~ lim _im| 28|t (1mark)
a—o a—wo| 3 3 3
7 72
(i) [~ dx=lim [ dx (1mark)
0 (sinx)y a0 (smx)y
Let u =sin X, du = cos xdx
Ifx:”z,u=1, Ifx=a,u=sina (Imark)
7
[Paaan jcosx i [ (1mark)
o (sin x)}/ a*o facosx a0 g

(Imark)

hJ

L@gBu%I hm[—(sma)/}

sina sina

12
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la. Evaluate IIR cos(x® + y?)dA where Ris the region that has is above the X axis within the

curve X* +y* =9. (4 marks)
b. Evaluate _”R xsin(x+ y)dydx, where 0< x < %, 0<y<Xx (3 marks)

cll. Evaluate I I . (4x+8y)dA, where Ris the parallelogram with vertices (-1,3), (1,-3), (3,-1)

: 1 1

and (1,5). Use the change of variable X = 2 (u+v), y= 2 (v—3u) (10.5 marks)
2a. State and prove Leibnitz’s rule for differentiating definite integrals with

constant limits. (4 marks)
b. Find the dernvative with respect to y of the integral

2 .

I(y) = f; &tytdt (5> marks)

C. Find the series solution around x,=0for the following differential equation.
y'=xy=0 (8.5 marks)

3a. Let f(x)= % + Z a, CosNXx+ z b, sinnx, derive the coefficients

n=1 n=1

and 111. b . (7 marks)

L a 11. a,, A

0°

b. Let f(X) be the function of period 2L given by

13



4a.

n

1.

11l

6a.

bi.

11

111

al.

0 -2<x<0
£(x) = < X<
2—-X 0O<x<2

Find the Fourier series (10.5 marks)

Evaluate the following

(1) (D? + 2D — 3){e3¥} (2 marks)
(1) (D + 4){e**x?} (2 marks)
(iii) (021_3) {cos2x} (2 marks)
If I(a) = [ 01 x;;l dx,a > —1 what is the value of 1(0)? Show that

ix“ = x%Inx, and deduce that i](a) =1 (7.5 marks)
da da a+1

Find the denvative with respect to x of the integral

2
I(x) = [, (x—t)dt (4 marks)
Define Even and Odd functions. (4 marks)
State two calculus properties of even and odd functions. (4 marks)
State three Algebra properties of even and odd functions. (3 marks)

Find the Fourier sine series of the function

x 0<x<1 .
f(x)= (6.5 marks)
1 1<x<?2
Using the D-Operator method, find the general solution of the following differential
equation y"' + 3y’ + 2y = sin2x (7 marks)
State the orthogonality conditions of sine and cosine. (4.5 marks)
T
5 (C0SE _si
Evaluate the double integral .[02 0 es'” Hdr dé (3 marks)

Evaluate the triple integral jIIE yz cos(x’) dzdydx where
E={(X,y,2)|0<x<10<y<x,x<z<2x} (3 marks)

14
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1 (a) Solve the congruence 84X = 24 (mod 180). (5 marks) (b)
Find all integers n for which 13 | 4(n* + 1). (5 marks) (c)
Show that if a|b and a|c, then a|bx+cy V x,yell (7.5 marks)

2. (a) Given sets S and T such that S=(1,3,9,4,2) and T=(3,7,4.8), write out all the members of the
Cartesian product of the sets.

(b) What do you understand by an ISOMORPHISM OF RINGS ? Give an example  (5.5marks)
() Show that for any integer a, b; b > 0, there exist unique integers , r such that a = bq +r;

0<r<b (7 marks)
3. (a) Give a comprehensive description of a BOOLEAN ALGEBRA (7 marks)
(b) Prove that there are infinitely many PRIMES (6 marks)
(c) What 1s the g.c.d of two integers a and b ? (4.5 marks)

4. (a) What do you understand by the following:

1) a Function

1) set of Rational numbers

11) set of Integers

1v) set of Prime numbers (4 marks)
(b) Let R be arelation on the set X . When 1s R said to be an equivalence relation? (3 marks)
(c) Verify whether the relation defined by R ={(X, y)ell xUl :x—y is arational number} 1S an

equivalence relation. (4.5 marks)
(d)  Answer the following questions with either Yes or No and give an example for each to

explain your answer:

1) Is division a binary operation on the set of real numbers?

15



1) Is addition a binary operation on the set of odd numbers?

1) Is the operation of subtraction a commutative binary operation? (6 marks)

5. (@) Let (G,*) and (H,*) be two groups and let f:G —H be a function. When is f said to be

1) a homomorphism (2 marks)

11) an isomorphism (2 marks)
(b) Define the following terms and give two examples of each

1) semigroup

11) monoid

11) group

1v) abelian group (8 marks)

(c) Show that the set S ={l, —1,i,—i} 1s a group with respect to multiplication operation where

i =1 (5.5 marks)
6. (@) When 1s a non-empty set, say R, said to form a ring? (2.5 marks)
(b) Generate the addition and multiplication tables for Z,. (2 marks)
(01 Define the 1deal of a ring. (2 marks)
i) Let (O,+,-) be a ring. Consider the subset 57 of [ defined by 57 ={---,-10,-5,0,5,10,---} .
Show that 57 1s an 1deal. (3 marks)

(d) Define the following terms and give an example of each
1) zero divisor
1) integral domain
11) division ring

) field (8 marks)
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